We investigate the compactification of D=11 supergravity to D=5,4,3, on compact manifolds of holonomy SU(3) (Calabi-Yau), G 2 , and Spin(7), respectively, making use of examples of the latter two cases found recently by Joyce. In each case the lower dimensional theory is a Maxwell/Einstein supergravity theory.
Supergravity theories exist in all spacetime dimensions D with D ≤ 11. The current wisdom is that, as quantum theories, they must be regarded as effective field theories of superstring theories in some appropriate limit. Since the critical dimension of superstring theories is D = 10, the maximal D = 11 supergravity [1] has fallen into relative obscurity. Recently, however, it has been realized that the S 1 compactified D=11 supergravity can be interpreted as the effective field theory of the strongly coupled type IIA superstring, with the Kaluza-Klein (KK) modes being identified with the quantum states associated with the BPS-saturated extreme black holes of the D = 10 IIA supergravity theory [2, 3] . It was further argued in [2] that, for any value of the string coupling, the type IIA superstring theory is, in reality, an S 1 compactification of the D=11 supermembrane theory of [4] . The classical supermembrane exists in dimensions D = 11, 7, 5, 4 and (trivially) in D = 3, so in this context it is natural to consider compactifications of D = 11 supergravity to these dimensions. In each case one can then consider a further compactification on S 1 to dimensions D = 6, 4, 3, 2, which (together with D=10) are precisely those for which the classical Green-Schwarz superstring action exists.
Since we wish to preserve some supersymmetry, these compactifications require consideration of compact spaces of (real) dimension 4, 6, 7 and 8, with holonomy SU(2), SU(3), G 2 , and Spin(7), respectively [7] . All such spaces are Ricci flat (see [5, 6] for a proof in the G 2 and Spin(7) cases) so the lower dimensional field theory will have zero cosmological constant. Flat tori of dimensions 4, 6, 7 and 8 are trivial examples of such manifolds, because the holonomy group is trivial; compactification on such spaces leads to a lower dimensional supergravity with maximal supersymmetry. Here we shall be concerned with those compactifications on spaces of dimension 4, 6, 7 and 8 for which the holonomy is respectively SU(2), SU(3), G 2 and Spin(7) but is not contained in any proper subgroup. In this case the compactification preserves The only example in dimension 4 is K 3 . The compactification of D=11 supergravity on K 3 has been considered in [8, 3, 9] . It leads to a D=7 Maxwell/Einstein (ME) supergravity theory with a three-form potential coupling to the D=7 supermembrane. Evidence was given in [3] that this ME supergravity theory is the effective action for the T 3 compactified heterotic string at strong coupling. In confirmation of this suggestion, it was further shown in [9] that the T 3 compactified heterotic string could be identified as the solitonic magnetic fivebrane [10] of D=11 supergravity, wrapped around the K 3 compactifying space, and in [11] that the symmetry enhancement known to occur at special vacua of the weakly coupled T 3 compactified heterotic string could be understood at strong coupling from consideration of the wrapping modes of the electric membrane solution [12] of D=11 supergravity. We note also that a duality between the K 3 × T 2 compactified type IIA superstring and the T 6 compactified heterotic string was proposed in [13] , and that evidence similar to that described above for D=7 has been found in support of a D=6 duality relating the K 3 compactified type IIA string to the T 4 compactified heterotic string [14, 15, 16] .
Manifolds of (real) dimension six with SU(3) holonomy are called Calabi-Yau (CY) manifolds, and many examples are known. The compactification of D=11 supergravity on CY manifolds was considered in [17] . It leads to D=5 supergravity coupled to h 1,1 − 1 vector multiplets and h 1,2 + 1 scalar multiplets, where h 1,1 and h 1,2 are Hodge numbers. The scalar field target space factorises [18] into a quaternionic sigma-model target space [19] parameterized by the 4h 1,2 + 4 scalars of the h 1,2 + 1 scalar multiplets and a real manifold parametrised by the (h 1,1 − 1) scalars of the vector multiplets. The metric on the vector multiplet target space is determined, as are all other couplings of the vector supermultiplet fields, by a homogeneous cubic polynomial in h 1,1 variables [20] . This polynomial is determined by the Chern-Simons (CS) F F A coupling of D=5 ME supergravity, which has its origin in the similar CS term in D=11. To see this, we observe that the harmonic expansion of the three-form potential A of D=11 supergravity includes the term
where A I are D=5 vector potentials and ω I span the second cohomology class of the CY manifold. Thus, the D=5 theory will include the term
where M 5 is the five-dimensional spacetime and the numbers C IJK are given by
In view of the relations just summarized between the K 3 compactification of D=11 supergravity and the T 3 compactified heterotic string, it is tempting to consider the possibility of similar relations between some CY -compactification of D=11 supergravity (or a D=11 supermembrane theory) and the heterotic string compactified on K 3 × S 1 , as has been recently explored in the D=4 context of CY compactifications of type II strings and K 3 × T 2 compactifications of the heterotic string [21, 22] . To explore this possibility we need to know the effective D=5 theory for the K 3 × S 1 compactified heterotic string. Consider first the compactification to D=9 on S 1 of the heterotic string and choose the S 1 component of the
or SO(32) gauge potential such that the gauge group is broken to U(1) 16 . This yields the generic D=9 heterotic string theory, which has D=9 supergravity coupled to 17 vector multiplets as its effective field theory [23, 24, 25] . The bosonic field content of the D=9 graviton multiplet is the graviton, a one-form potential, a two-form potential and a scalar. The bosonic field content of the D=9 vector multiplet is a vector potential and a scalar. The bosonic field content of D=9 supergravity coupled to 17 abelian vector multiplets is therefore as follows: 1 graviton, 1 two-form potential, 18 abelian vector potentials and 18 scalars. The action was constructed in [26, 27] . We now compactify this D=9 theory on K 3 to obtain the generic K 3 × S 1 compactification of the heterotic string. Taking into account the fact that a two-form potential is equivalent in D=5, via duality, to a vector potential, we find that the effective D=5 theory is N=2 (i.e. minimal) D=5 supergravity coupled to 18 vector multiplets and 20 hypermultiplets. The sigma-model target space factorises, as mentioned above. The target space of the vector multiplets can be deduced from the cubic polynomial determined by the F F A term in the D=5 action. The D=9 origin of this term is the interaction [26] η ab
where M 9 is the D=9 spacetime, A 5 is the five-form gauge potential of the dual action to the two-form version of D=9 supergravity, and η ab defines a quadratic form of Lorentzian signature in 18 variables. It follows that the cubic polynomial in 19 variables of the D=5 theory must factorize into a monomial and a quadratic polynomial in 18 variables of signature (17, 1) . It then follows from the results of [20, 18] that the target space for the scalars in D=5 is
where Q 20 is a quaternionic manifold of quaternionic dimension 20.
For this D=5 field theory to be obtainable by CY compactification of D=11 supergravity we need a CY manifold with Hodge numbers
The Euler number of the CY space is therefore zero. A particular, complete intersection, CY manifold with these Hodge numbers was constructed in [28] and is tabulated as such in [29] . Other CY manifolds with these Hodge numbers can be found in [30, 31] . It is therefore possible that the compactification of D=11 supergravity on one of the CY manifolds with these Hodge numbers will lead to an effective D=5 action that can be identified with the effective action of the K 3 × S 1 compactified heterotic string (at generic vacua), but for this identification to be possible it is necessary that the cubic polynomial determined by the intersection numbers C IJK of this CY manifold factorise.
We now move on to 7-dimensional manifolds with G 2 holonomy. Examples of compact manifolds with G 2 holonomy, and finite fundamental group, have been constructed by Joyce [32, 33] . on a seven-dimensional space is b 3 [6] . Next, the three-form A yields b 2 vectors, A I , (I = 1, . . . , b 2 ), and b 3 pseudoscalars, P i , in D=4 via the ansatz
where the ω I span the second cohomology group of J (7) (b 2 , b 3 ) and the Ω i span the third cohomology group. Since the D=4 theory has N=1 supersymmetry, we already have sufficient information to determine its field content, which must be N=1 supergravity coupled to b 2 N=1 vector multiplets and b 3 scalar multiplets, each of which contains a scalar and a pseudo-scalar field. It follows that the total number of D=4 Majorana spinor fields (excluding the D=4 gravitino) that arise from the D=11 gravitino is b 2 + b 3 .
Beyond the field content, we can also deduce certain features of the interactions.
Because of their D=11 origin, the pseudoscalars P i always occur in interactions through their derivative dP i , except in those interactions that are due to the bare three-form potential A in the D=11 CS term, which leads to the D=4 interaction
where M 4 is the four-dimensional spacetime, F I = dA I are the two-form field strengths, and C IJk are the intersection numbers
Thus the pseudoscalars P i are axion fields. The target space metric for the D=4 sigma model must take the form
Moreover, this metric must be Kähler. Note that for such scalar field interactions it is possible to replace the pseudoscalars P i by two-form potentials. Thus another way of stating these restrictions on the target space is to observe that the D=4 theory is N=1 supergravity coupled to b 2 vector multiplets and b 3 'linear' multiplets.
One reason for interest in this compactification is a possible link between D=11
supergravity and the much-studied CY compactified heterotic string. This is because the effective action in the latter case is again an N=1 D=4 supergravity theory. The two compactifications cannot be equivalent in general because the CY compactification of the heterotic string yields a chiral D=4 theory with nonabelian gauge fields, whereas the J (7) compactifications of D=11 supergravity yield non-chiral D=4 theories with abelian gauge fields. However, if the CY manifold has zero Euler number then the resulting D=4 supergravity theory is non-chiral.
Furthermore, since it is necessary to give a non-zero expectation value to some E 8 × E 8 or S0(32) field strengths, F , on the CY manifold, in order to satisfy the condition that [tr(F 2 ) − tr(R 2 )] be cohomologous to zero, the non-abelian group is broken to a subgroup, and may be further broken by Wilson lines (see, for example, [34] ). We shall assume that the cohomology condition allows the breaking of the gauge group to its maximal abelian subgroup by choosing F to take values in an abelian subgroup of E 8 × E 8 or SO(32), as in [35] . The validity of this assumption depends on the topological properties of the tangent bundle of the CY manifold.
This possibility motivates us to consider the compactification of the heterotic string on CY manifolds with zero Euler number. We shall assume that the gauge group of the heterotic string can be broken to U(1) 16 in the way just suggested, and examine the consequences. Under these assumptions, the effective D=4 theory is N=1 supergravity coupled to 16 N=1 vector multiplets and (h 1,1 + h 1,2 + 1) N=1 scalar multiplets. Because the Euler number must vanish we further require that
Thus, we have a D=4 supergravity coupled to 16 vector multiplets and (2h 1,1 + 1) scalar multiplets. Comparing with our previous results for the J (7) compactifications of D=11 supergravity, we see that the field content of the two compactifications agrees provided that
Consider, for example, a CY manifold with h 1,1 = h 1,2 = 19. In this case we need
Remarkably, there is a compact seven-dimensional manifold with G 2 holonomy having precisely these Betti numbers. It is the fourth example, for l = 8, in [33] .
There is a potential difficulty with the symmetry breaking mechanism outlined above. Since the cohomology constraint has not been solved by the usual trick of embedding the spin connection in the gauge group, the four-form tr(F 2 ) − tr(R 2 ) does not vanish identically, even though it is zero in cohomology. It follows that the two-form gauge potential, H, of the heterotic string must be non-zero, and this presents difficulties for the preservation of supersymmetry in D=4. For this reason, it is not clear to us that it really is possible to break the non-abelian gauge group to its maximal abelian subgroup in the way described for compactifications to D=4
and, at the same time, preserve supersymetry. If not, it is still possible that the J (7) (16, 39) compactified D=11 supergravity is equivalent to the effective action of the heterotic string compactified on a CY manifold with h 1,1 = h 1,2 = 19 at singular points in the J (7) (16, 39) moduli space, if some such points are associated with an enhancement of the abelian gauge symmetry to a non-abelian symmetry, as appears to occur both in the K 3 compactification of D=11 supergravity [11] and in the CY compactification of type II superstrings [36, 37] . In the example to hand, there are membrane wrapping modes for each of the 16 homology two-cycles of J (7) (16, 39), and it is therefore possible that modes associated with a particular two-cycle become massless as this cycle degenerates to zero area. Unlike the case of K 3 compactification, however, this is not guaranteed by supersymmetry alone, so renormalization effects may change the picture.
The uncertainties about the gauge group of the CY compactified heterotic string can be simply resolved by a further compactification to D=3. As before, the effective field theory can be deduced in this case by first compactifying to D=9 on S 1 . The generic D=9 theory for this compactification is as described above, and this field theory can then be compactified on the CY manifold to determine the generic D=3 effective field theory of the CY ×S 1 compactified heterotic string. Taking into account the equivalence in D=3 between vector potentials and scalars, this effective field theory is found to be N=2 supergravity coupled to (h 1,1 + h 1,2 + 18) N=2 scalar multiplets. This is to be compared with the N=2 D=3 supergravity coupled to (b 2 + b 3 + 1) scalar multiplets found by compactification of D=11 super-
A necessary condition for their equivalence is therefore that
This condition is satisfied by several examples of CY and J (7) manifolds, including J (7) (16, 39) and the CY manifold with h 1,1 = h 1,2 = 19. Note that the RHS of (14) is invariant under the mirror symmetry h 1,1 ↔ h 1,2 .
We may also compare the N=2 D=3 supergravity theories obtained as just described with those found by compactification from D=10 of either the type IIA or the type IIB superstring on J (7) , or rather of their D=10 effective field theories. Not surprisingly, the D=3 field content of the J (7) compactified type IIA superstring is the same as that of J (7) ×S 1 compactified D=11 supergravity. A surprise is that one finds the same field content from the type IIB superstring. This would have been guaranteed in advance if J (7) were to be the product of S 1 with a six-dimensional manifold, because the IIA and IIB superstrings are known to be equivalent (as are the respective supergravity theories) on compactification on S 1 , but J (7) is not a product. This 'coincidence' leads us to conjecture that the J (7) compactified type IIA and IIB theories are in fact equivalent.
Finally, we turn to 8-dimensional compact manifolds of holonomy Spin (7).
Examples have been found recently by Joyce [38] . They are all simply connected and have vanishing first Betti number. We propose to refer to these examples as J ( [6, 38] . Using this result it is straightforward to determine the bosonic field content of the effective D=3 field theory. The fermionic field content then follows from N=1 supersymmetry. The result is D=3 N=1 supergravity coupled to (B 2 + B 3 + B − 4 + 1) N=1 D=3 scalar multiplets. The N=1 D=3 supergravity theories obtained in this way may be compared with those found by J (7) compactification of the heterotic string. Again assuming that the gauge symmetry group of the heterotic string is broken to its maximal abelian subgroup, we find that the effective D=3 theory is N=1 D=3 supergravity coupled to (b 2 + b 3 + 17) N=1 D=3 scalar multiplets, so equivalence of the two D=3 supergravity theories is possible if
Again, the suggested equivalence seems more likely to hold after a further S 1 compactification to D=2, since in this case the generic gauge symmetry of the heterotic string is certainly abelian. The condition for equivalent field content in D=2 is again (15) . We remark that given any of the examples of 8-dimensional manifolds of Spin (7) holonomy of [38] , there exists a corresponding 7-manifold of holonomy G 2 among the examples given in [33] for which the condition (15) is satisfied.
In D=2 we can also compare the above results with those of J (8) Note that these D=2 supergravity theories are not the worldsheet type of supergravity theories of string theory. The latter have a role to play on consideration of whether a given superstring compactification constitutes an exact solution of the classical superstring theory. To be an exact solution, the D=2 supersymmetric sigma-model having the compactifying space as its target space must be conformally invariant. This condition is satisfied by K 3 because, being hyperKahler, the sigma model has (4,4) worldsheet supersymmetry. In the case of sigma models with CY manifolds as target space, there is a four loop divergence and the theory is not superconformally invariant [39] . Supersymmetric sigma models with target spaces of holonomy G 2 or Spin(7) were first studied in [40] , where it was shown that the classical models are invariant under W -symmetries associated with the covariantly constant forms on their target spaces (as are the CY models). These sigma models are one-loop finite (because they are Ricci flat) but they may have infinities at higher loops. A free field realization of the W-current algebra introduced in [40] has been constructed in [41, 42] .
